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LAPLACE INVARIANTS OF TODA LATTICES WITH THE EXCEPTIONAL
CARTAN MATRICES
A.M. Guryeva
∗
and A.V. Zhiber
†
We show that Toda latties with the exeptional Cartan matries G2, F4 and E6−E8 are Liouville
type systems. For these systems of equations, we obtain expliit formulas for the invariants and
generalized Laplae invariants.
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Introdution
It is well known that Laplae invariants and transformations of the salar hyperboli equations
were the objet of lassial researh. Reently the interest to transformations and Laplae invariants
was reated. It is explained by the existene of a lose relation, disovered in a number of works
(see [1, 2, 6, 10-14℄), between some important properties of nonlinear equations (suh as exat
integrability and the existene of higher symmetries, onservation laws, and differential
substitutions) and the properties of the hain of invariants of the linear equation. One of the most
famous examples of expliitly integrable equations in partial derivatives is the Liouville equation
uxy = e
u. (1)
There are different notions of integrability of nonlinear hyperboli equations. In partiular, the
definition of the lass of exatly integrable nonlinear hyperboli equations in [3, 10, 13℄ was based
on the finiteness of the hain of Laplae invariants of the linearized equation (this equations alled
equations of the Liouville type).
The natural next step in suh investigations is to generalize these results to systems of equations.
In [14℄, the definition of equations of the Liouville type was extended to nonlinear hyperboli systems
of form
uixy = F
i(x, y, u, ux, uy) (2)
(hereafter, we assume u and F to be n-dimensional vetors).
For ompleteness of the presentation in what follows, we reall the main results in [14℄ pertaining to
systems of differential equations. The ase of systems of differential equations involves a major problem
related to the definition of Laplae invariants. The linearized systems of equations for systems (2) has
the form (
DD + aD + bD + c
)
v = 0, (3)
where D and D are the respetive total derivative operators with respet to x and y and where a, b and
c are the matries
a = −
(
∂F i
∂ujx
)
, b = −
(
∂F i
∂ujy
)
, c = −
(
∂F i
∂uj
)
.
A straightforward generalization of the notion of invariants to the matrix ase is as follows.
The prinipal Laplae invariants are defined by the formulas
H1 = D(a) + ba− c and K1 = D(b) + ab− c, (4)
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and the matries Hi with i > 1 are to be found onseutively from the system of equations
D(Hi) + aiHi −Hiai−1 = 0, (5)
Hi+1 = D(ai) + [b, ai]−D(b) +Hi, i = 1, 2, . . . , (6)
where a0 = a. If Hi for i ≤ m and ai for i ≤ m − 1 are already known, then am is determined from
Eq. (5), and Hm+1 is determined from Eq. (6). But if detHm = 0, then am either does not exist in
general or is determined up to the kernels the matries Hm. The hoie of the element in the kernel
essentially affets the existene of and the expliit formulas for the subsequent invariants.
The elements Ki are determined similarly,
D(Ki) + biKi −Kibi−1 = 0, (7)
Ki+1 = D(bi) + [a, bi]−D(a) +Ki, i = 1, 2, . . . , (8)
where b0 = b. We thus fae the problem of onsistently defining the hain of invariants.
We note that the interesting systems (2) are preisely those with degenerate matries Hi and Ki.
We define the elements Hi and Ki somewhat differently: if the matries H1, H2, . . . , Hm are known
and the equation
D(Xm) + amXm −Xma = 0, Xm = Hm ·Hm−1 · · ·H1, (9)
has a solution am, we set
Hm+1 = D(am) + [b, am]−D(b) +Hm, m = 1, 2, . . . . (10)
Similarly, if the elementsK1, K2, . . . , Km are already found and there exists a solution bm of the equation
D(Ym) + bmYm − Ymb = 0, Ym = Km ·Km−1 · · ·K1, (11)
we define Km+1 as
Km+1 = D(bm) + [a, bm]−D(a) +Km, m = 1, 2 . . . . (12)
It is lear that under the solvability ondition for Eqs. (9) and (11), formulas (4) and (9)  (12)
determine a sequene of matries Hi and Ki, i = 1, 2, . . . .
We note that if relations (5) are satisfied for i = 1, 2, . . . k, then Eqs. (9) hold for m = 1, 2, . . . , k.
The onverse statement is not true in general.
By analogy with the salar ase, we all the matries Hi and Ki defined by formulas (4) and
(9)  (12) the Laplae invariants and also all Xi and Yi, i = 1, 2, . . . , the generalized invariants of
linearized systems of equations (3).
The onditions for the existene of solutions am and bm of systems of equations (9) and (11) are
given in the following lemma.
Lemma . Systems of equations (9) has a solution if and only if the ondition(
D + a
)
(KerXm) ⊂ KerXm (13)
is satisfied; systems (11) has a solution if and only if the ondition
(D + b) (KerYm) ⊂ KerYm (14)
is satisfied.
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Beause the matries ai and bi determined ambiguously, the invariants Hm and Km depend on the
hoie of the matries a1, a2, . . . , am−1 and b1, b2, . . . , bm−1; therefore, the generalized Laplae invariants
Xm and Ym are generally affeted by this hoie. There thus arises the question under what onditions
the sequenes {Xi} and {Yi} are well-defined. The following theorem answers this question.
Theorem 1. If (
D − bT
)
(CokerXi) ⊂ CokerXi, i = 1, 2, . . . , m,
CokerX1 ⊂ CokerX2 ⊂ · · · ⊂ CokerXm,
(15)
then the generalized invariant Xm+1 is independent of the hoie of the matries a1, a2, . . . , am.
If (
D − aT
)
(CokerYi) ⊂ CokerYi, i = 1, 2, . . . , m,
CokerY1 ⊂ CokerY2 ⊂ · · · ⊂ CokerYm,
(16)
then the generalized invariant Ym+1 is independent of the hoie of the matries b1, b2, . . . , bm.
Therefore, preisely the sequenes {Xi} and {Yi} (rather than {Hi} and {Ki}) are well-defined;
their termination is plaed in the basi of the definition of systems (2) of the Liouville type.
Definition . A system of equations (2) is said to be a system of the Liouville type if
onditions (13)  (16) are satisfied and there exist r ≥ 1 and s ≥ 1 suh that Xr = Ys = 0.
Diretly generalizing Liouville equations (1) to systems (2) gives the trunated Toda latties [7, 8]
related to the Cartan matries of simple Lie algebras. One of the equivalent forms of writing these
systems is
uixy =
n∑
j=1
aij exp(u
j), i = 1, 2, . . . , n. (17)
It is well known that these systems have x and y integrals (see, e.g., [8, 9℄). We also note that, as
proved in [8℄, systems of equations (17) has a omplete set of x and y integral if and only if the matrix
A = (aij) is equivalent to one of the Cartan matries of a simple Lie algebra.
In this work, we show that Toda latties (17) with the exeptional Cartan matries G2, F4, E6 − E8
are Liouville type systems in the sense of the definition given above. We obtain expliit formulas for
the invariants and generalized Laplae invariants for these systems of equations.
We note that, as showed in [5℄, systems of equations (17) with Cartan matries An, Bn, Cn, and Dn
are Liouville type systems.
V.V. Sokolov hypothesized that the values of the index k at whih the rank of the generalized
Laplae invariants Xk drops oinide with the exponents of the orresponding simple Lie algebra and
that the number h for whih Xh = 0, is equal to the Coxeter number.
1. The Cartan matrix G2
Systems of equations (17) with the Cartan matrix G2 has the form
u1xy = 2 exp(u
1)− exp(u2), u2xy = −3 exp(u
1) + 2 exp(u2). (18)
The invariants Hm and generalized invariants Xm of the linearized system (18), determined from
formulas (4), (9), and (10), are evaluated as
X1 = H1 = G2S1, Xm = G2P
−1SmQ, m = 2, 3, 4, 5, X6 = 0,
H2 = G2P
−1Z2G
−1
2 , Hm = (G2P
−1Zm +Qm)PG
−1
2 , m = 3, 4, 5, 6,
Qm = Qm−1 +D(Bm−1) + G2P
−1Dm, m = 3, 4, 5, 6, Q2 = 0,
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where
P =


3 1
0
1
3

 , Q = ( 1 0
−1 1
)
, Z2 =
(
0 0
− exp(u2) exp(u1)
)
, Bm =
(
bm11 0
bm21 0
)
,
bm11 and b
m
21, m = 2, 3, 4, 5, are arbitrary elements, and D3 =
(
0 0
−1
3
eu
2
0
)
, Dm = 0, m = 4, 5, 6, and
S1 = diag(exp(u
1), exp(u2)), S2 = diag(0, exp(u
1 + u2)),
S3 = diag(0, 4 exp(2u
1 + u2)), S4 = diag(0, 12 exp(3u
1 + u2)),
S5 = diag(0, 12 exp(3u
1 + 2u2)), Z3 = diag(0, 4 exp(u
1)),
Z4 = diag(0, 3 exp(u
1)), Z5 = diag(0, exp(u
2)), Z6 = 0.
Solutions am of Eqs. (9) are then given by
a1 = −G2R1G
−1
2 , am =
[
−G2P
−1Rm +Bm
]
PG−12 , m = 2, 3, 4, 5,
where
R1 = diag(u
1
y, u
2
y), R2 = diag(0, u
1
y + u
2
y), R3 = diag(0, 2u
1
y + u
2
y),
R4 = diag(0, 3u
1
y + u
2
y), R5 = diag(0, 3u
1
y + 2u
2
y).
We note that the values of the index m at whih the rank of the generalized invariants Xm drops
oinide with the exponents 1, 5 of the G2 systems, and the number m = 6 for whih Xm = 0 is equal
to the Coxeter number [4℄.
2. The Cartan matrix F4
Systems of equations (17) with the Cartan matrix F4 has the form
u1xy = 2 exp(u
1)− exp(u2),
u2xy = − exp(u
1) + 2 exp(u2)− exp(u3),
u3xy = −2 exp(u
2) + 2 exp(u3)− exp(u4),
u4xy = − exp(u
3) + 2 exp(u4).
(19)
We write this systems in the matrix form
DDu = F4Uc,
where u = (u1, u2, u3, u4)T is the olumn of the unknowns, c = (1, 1, 1, 1)T , and U = diag(exp(u1),
exp(u2), exp(u3), exp(u4)). The linearization of Eqs. (19) is then
DDv = F4Uv, v = (v
1, v2, v3, v4)T . (20)
To desribe the Laplae invariants and the generalized invariants, we introdue matries.
The matrix Jk is the upper-triangular matrix of size k all of whose elements in the main diagonal
and above it are equal to unity. The matrix Ek is the unit matrix of size k.
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The matrix Mk is blok matrix: Mk =

 E5−k 0
0 Jk−1

 , k = 2, 3, 4.
We set J˜ =


2 2 1 1
0 2 1 1
0 0 1 1
0 0 0 1

 .
The matries Bm, m = 1, 2, . . . , 11 of size 4, are defined as
 the first olumn of the matries Bm, m ≤ 5 onsist of arbitrary elements,
 the first and seond olumns of the matries Bm, m = 6, 7 onsist of arbitrary elements,
 for m ≥ 8 in additional to the first and seond olumns, the third olumn Bm is also arbitrary,
with the other element equal to zero.
The diagonal matries Sm and Rm are given by
S1 = diag
(
1
2
exp(u1), 1
2
exp(u2), exp(u3), exp(u4)
)
,
S2 = diag (0, 2 exp(u
1 + u2), 2 exp(u2 + u3), exp(u3 + u4)) ,
S3 = diag (0, 4 exp(2u
2 + u3), 2 exp(u1 + u2 + u3), 2 exp(u2 + u3 + u4)) ,
S4 = diag (0, 18 exp(u
1 + 2u2 + u3), 4 exp(2u2 + u3 + u4), 2 exp(u1 + u2 + u3 + u4)) ,
S5 = diag (0, 36 exp(2u
1 + 2u2 + u3), 18 exp(u1 + 2u2 + u3 + u4), 4 exp(2u2 + 2u3 + u4)) ,
S6 = diag (0, 0, 36 exp(2u
1 + 2u2 + u3 + u4), 18 exp(u1 + 2u2 + 2u3 + u4)) ,
S7 = diag (0, 0, 36 exp(2u
1 + 2u2 + 2u3 + u4), 18 exp(u1 + 3u2 + 2u3 + u4)) ,
S8 = diag (0, 0, 0, 18 exp(2u
1 + 3u2 + 2u3 + u4)) ,
S9 = diag (0, 0, 0, 36 exp(2u
1 + 4u2 + 2u3 + u4)) ,
S10 = diag (0, 0, 0, 36 exp(2u
1 + 4u2 + 3u3 + u4)) ,
S11 = diag (0, 0, 0, 36 exp(2u
1 + 4u2 + 3u3 + 2u4)) , S12 = 0,
R1 = diag
(
u1y, u
2
y, u
3
y, u
4
y
)
,
R2 = diag
(
0, u1y + u
2
y, u
2
y + u
3
y, u
3
y + u
4
y
)
,
R3 = diag
(
0, 2u2y + u
3
y, u
1
y + u
2
y + u
3
y, u
2
y + u
3
y + u
4
y
)
,
R4 = diag
(
0, u1y + 2u
2
y + u
3
y, 2u
2
y + u
3
y + u
4
y, u
1
y + u
2
y + u
3
y + u
4
y
)
,
R5 = diag
(
0, 2u1y + 2u
2
y + u
3
y, u
1
y + 2u
2
y + u
3
y + u
4
y, 2u
2
y + 2u
3
y + u
4
y
)
,
R6 = diag
(
0, 0, 2u1y + 2u
2
y + u
3
y + u
4
y, u
1
y + 2u
2
y + 2u
3
y + u
4
y
)
,
R7 = diag
(
0, 0, 2u1y + 2u
2
y + 2u
3
y + u
4
y, u
1
y + 3u
2
y + 2u
3
y + u
4
y
)
,
R8 = diag
(
0, 0, 0, 2u1y + 3u
2
y + 2u
3
y + u
4
y
)
,
R9 = diag
(
0, 0, 0, 2u1y + 4u
2
y + 2u
3
y + u
4
y
)
,
R10 = diag
(
0, 0, 0, 2u1y + 4u
2
y + 3u
3
y + u
4
y
)
,
R11 = diag
(
0, 0, 0, 2u1y + 4u
2
y + 3u
3
y + 2u
4
y
)
.
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The matries Zm, m = 1, 2, . . . , 12, are given by Z1 = U,
Z2 =


0 0 0 0
−2eu
2
2eu
1
0 0
0 −2eu
3
2eu
2
0
0 0 −eu
4
eu
3

 , Z3 =


0 0 0 0
0 0 2eu
2
0
0 −eu
3
eu
1
0
0 0 −eu
4
2eu
2

 ,
Z4 =


0 0 0 0
0 3eu
1
3eu
2
0
0 −eu
4
0 2eu
2
0 0 −eu
4
eu
1

 , Z5 =


0 0 0 0
0 2eu
1
0 0
0 −eu
4
3eu
1
3eu
2
0 0 −eu
3
0

 ,
Z6 =


0 0 0 0
0 0 0 0
0 −eu
4
2eu
1
0
0 0 −eu
3
3eu
1

 , Z7 =


0 0 0 0
0 0 0 0
0 0 eu
3
−2eu
1
0 0 0 eu
2

 ,
Z8 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 −eu
2
eu
1

 , Z9 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 −eu
2
2eu
2

 ,
Z10 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 −eu
2
eu
3

 , Z11 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 −eu
2
eu
4

 ,
Z12 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 −eu
2
0

 .
The matries Pm and Dm, m = 2, 3, . . . , 12, are given by
P2 = E4, P3 =


1 0 0 0
0 1 0 0
0 −1 1 0
0 0 0 1

 , P4 =


1 0 0 0
0 1 0 0
0 −1/3 1 0
0 1/3 −1 1

 ,
P5 =


1 0 0 0
0 1 −1 3
0 0 0 3
0 0 −1 3

 , P6 =


1 0 0 0
0 1 0 1
2
0 −1 1 0
0 0 0 3/2

 , P7 = E4,
P8 =


1 0 0 0
0 1 0 0
0 0 1 2
0 0 0 1

 , P9 = P10 = P11 = P12 = E4,
6
D3 =


0 0 0 0
−eu
2
0 0 0
0 0 0 0
0 0 0 0

 , D7 =


0 0 0 0
0 0 0 0
0 2eu
1
0 0
0 −eu
3
0 0

 ,
Dk = 0, k = 2, 4, 5, 6, 8, 9, . . . , 12.
We have the following theorem.
Theorem 2. Systems of equations (19) is a Liouville type system. The generalized invariants Xm, the
invariants Hm of linearized system (20), determined from formulas (4), (9) and (10), are evaluated as
Xm = F4J˜
−1AmSmA
T
m
(
J−14
)T
, m = 1, 2, . . . , 11, X12 = 0,
Hm =
[
F4J˜
−1AmZm +Qm−1
]
A−1m−1J˜F
−1
4 , m = 1, 2, . . . , 12,
where the matries Am and Qm−1 are evaluated using the reursive relations
Am = Am−1M
−1
k P
−1
m , m = 3, 4, . . . , 12,
k = 4 ïðè m ≤ 6, k = 3 ïðè m = 7, k = 2 ïðè m ≥ 8,
A0 = J˜F
−1
4 , A1 = J˜ , A2 = E4,
Qm−1 = F4J˜
−1Am−1Dm +D(Bm−1) +Qm−2A
−1
m−2Am−1,
m = 2, 3, . . . , 12, Q0 = 0.
The elements am are then given by
am =
[
−F4J˜
−1AmRm +Bm
]
A−1m J˜F
−1
4 , m = 1, 2, . . . , 11.
The matries Sm, Rm, and Zm were alulated by means of programm ¾Invariant¿, intended for
Maple V Release 4.
We note that the values of the index m at whih the rank of the generalized invariants Xm drops
oinide with the exponents 1, 5, 7, 11 of the F4 systems, and the number m = 12 for whih Xm = 0
is equal to the Coxeter number [4℄.
3. The Cartan matries E6 − E8
Systems of equations (17) with the Cartan matrix Eα, α = 6, 7, 8 has the form
u1xy = 2 exp(u
1)− exp(u3),
u2xy = 2 exp(u
2)− exp(u4),
u3xy = − exp(u
1) + 2 exp(u3)− exp(u4),
u4xy = − exp(u
2)− exp(u3) + 2 exp(u4)− exp(u5),
uixy = − exp(u
i−1) + 2 exp(ui)− exp(ui+1), i = 5, 6, . . . , α− 1,
uαxy = − exp(u
α−1) + 2 exp(uα).
(21)
The linearization of Eqs. (21) is then
DDv = EαUv. (22)
The result in this setion an be formulated as follows.
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Theorem 3. Systems of equations (21) is a Liouville type system. The generalized invariants Xm, the
invariants Hm of linearized system (22), determined from formulas (4), (9), and (10), are evaluated as
Xm = EαAmSmA
T
m, m = 1, 2, . . . , r − 1, Xr = 0,
Hm = [EαAmZm +Qm−1]A
−1
m−1E
−1
α , m = 1, 2, . . . , r,
where matries Am and Qm−1 are evaluated using the reursive relations
Am = Am−1G
−1
m P
−1
m , m = 2, 4, . . . , r, A0 = E
−1
α , A1 = Eα,
Qm−1 = EαAm−1Dm +D(Bm−1) +Qm−2A
−1
m−2Am−1, m = 2, 3, . . . , r, Q0 = 0.
The elements am are then given by
am = [−EαAmRm +Bm]A
−1
m E
−1
α , m = 1, 2, . . . , r − 1.
The number r is equal 12 if α set to 6; r is equal 18 if α set to 7 and r is equal 30 if α set to 8.
The matries Sm, Rm, and Zm were alulated by means of programm ¾Invariant¿, intended for
Maple V Release 4.
The matries Pm, Dm, Gm Bm, Sm, Rm, Zm are given by formulaes for eah α = 6, 7, 8 their.
We reall that Jk is the upper-triangular matrix of size k all of whose elements in the main diagonal
and above it are equal to unity, and the matrix Ek is the unit matrix of size k.
To find the Laplae invariants of Eqs. (22) when α = 6, we introdue matries of size 6.
The matries Gm, m = 2, 3, . . . , 12 are given by G2 = J6,
Gm =
(
1 0
0 J5
)
, m = 3, 4, 5; G6 =

 1 0 00 J4 0
0 0 1

 ;
Gm =

 1 0 00 J3 0
0 0 E2

 , m = 7, 8; Gm = E6 for m = 9, 10, 11, 12.
The matries Bm, m = 1, 2, . . . , 11 of size 6, are defined as
 the first olumn of the matries Bm, m ≤ 4 onsist of arbitrary elements,
 for m = 5 in additional to the first olumn, the last olumn Bm is also arbitrary,
 the first, fifth and sixth olumns of the matries Bm, m = 6, 7 onsist of arbitrary elements,
 the first, fourth, fifth and sixth olumns of the matries B8 onsist of arbitrary elements,
 for m ≥ 9 in additional to the first, fourth, fifth and sixth olumns, the third olumn Bm is also
arbitrary,
with the other element equal to zero.
The matries Pm, m = 2, 3, . . . , 12 are given by
P2 =


1 0 0 0 0 0
0 1 0 0 0 0
0 −1 1 0 0 0
0 1 −1 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


, P3 =


1 0 0 0 0 0
0 1 0 0 0 0
0 −1 1 0 0 0
0 1
2
−1 1 0 0
0 −1
2
1 −1 1 0
0 0 0 0 0 1


,
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P4 =


1 0 0 0 0 0
0 1 0 0 0 0
0 −1
3
1 0 0 0
0 1
3
−1 1 0 0
0 −1
6
1
2
−1 1 0
0 1
6
−1
2
1 −1 1


, P5 =


1 0 0 0 0 0
0 1 0 0 0 0
0 −1 1 0 0 0
0 1
3
−1
3
1 0 0
0 −1
3
1
3
−1 1 0
0 1
6
−1
6
1
2
−1 1


,
P6 =


1 0 0 0 0 0
0 1 0 0 0 0
0 −3
5
1 0 0 0
0 3
5
−1 1 0 0
0 −1
5
1
3
−1
3
1 0
0 0 0 0 0 1


, P7 =


1 0 0 0 0 0
0 1 −1 5
3
0 0
0 0 1 −5
3
0 0
0 0 5
3
0 0 0
0 0 0 0 1 0
0 0 0 0 0 1


,
P8 =


1 0 0 0 0 0
0 5
7
0 0 0 0
0 −1 1 0 0 0
0 2
7
−1 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


, P9 =


1 0 0 0 0 0
0 1 0 0 0 0
0 −1 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


,
P10 = P11 = P12 = E6.
The nonzero elements of the matries Dm = (dij)
6
i,j=1
, m = 2, 3, . . . , 12, are determined by the
formulas
d321 = −e
u3 ; d646 = 2e
u2 − 2eu
3
; d656 = e
u1 ; d735 = −e
u4 ; d755 = 3e
u2 − 3
2
eu
1
;
d924 = e
u5 − 5
2
eu
1
; d935 = e
u3 ; d1023 = e
u5 .
The diagonal matries Sm and Rm, are given by
S1 = diag (exp(u
1), exp(u2), exp(u3), exp(u4), exp(u5), exp(u6)) ,
S2 = diag (0, exp(u
1 + u3), exp(u2 + u4), exp(u3 + u4), exp(u4 + u5), exp(u5 + u6)) ,
S3 = diag (0, 4 exp(u
2 + u3 + u4), exp(u1 + u3 + u4), exp(u2 + u4 + u5), exp(u3 + u4 + u5),
exp(u4 + u5 + u6)) , S4 = diag (0, 9 exp(u
1 + u2 + u3 + u4), 4 exp(u2 + u3 + u4 + u5),
exp(u1 + u3 + u4 + u5), exp(u2 + u4 + u5 + u6), exp(u3 + u4 + u5 + u6)) ,
S5 = diag (0, 4 exp(u
2 + u3 + 2u4 + u5), 9 exp(u1 + u2 + u3 + u4 + u5),
4 exp(u2 + u3 + u4 + u5 + u6), exp(u1 + u3 + u4 + u5 + u6), 0) ,
S6 = diag (0, 25 exp(u
1 + u2 + u3 + 2u4 + u5), 4 exp(u2 + u3 + 2u4 + u5 + u6),
9 exp(u1 + u2 + u3 + u4 + u5 + u6), 0, 0) ,
S7 = diag (0, 25 exp(u
1 + u2 + 2u3 + 2u4 + u5), 4 exp(u1 + u2 + u3 + 2u4+
+2u5 + u6), 25 exp(u2 + u3 + 2u4 + u5 + u6), 0, 0) ,
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S8 = diag (0, 25 exp(u
1 + u2 + u3 + 2u4 + 2u5 + u6),
25 exp(u1 + u2 + 2u3 + 2u4 + u5 + u6), 0, 0, 0) ,
S9 = diag (0, 25 exp(u
1 + u2 + u3 + 2u4 + 2u5 + u6), 0, 0, 0, 0) ,
S10 = diag (0, 25 exp(u
1 + u2 + 2u3 + 3u4 + 2u5 + u6), 0, 0, 0, 0) ,
S11 = diag (0, 25 exp(u
1 + 2u2 + 2u3 + 3u4 + 2u5 + u6), 0, 0, 0, 0) , S12 = 0,
R1 = diag
(
u1y, u
2
y, u
3
y, u
4
y, u
5
y, u
6
y
)
,
R2 = diag
(
0, u1y + u
3
y, u
2
y + u
4
y, u
3
y + u
4
y, u
4
y + u
5
y, u
5
y + u
6
y)
)
,
R3 = diag
(
0, u2y + u
3
y + u
4
y, u
1
y + u
3
y + u
4
y, u
2
y + u
4
y + u
5
y, u
3
y + u
4
y + u
5
y, u
4
y + u
5
y + u
6
y
)
,
R4 = diag
(
0, u1y + u
2
y + u
3
y + u
4
y, u
2
y + u
3
y + u
4
y + u
5
y, u
1
y + u
3
y + u
4
y + u
5
y, u
2
y + u
4
y + u
5
y + u
6
y,
u3y + u
4
y + u
5
y + u
6
y
)
, R5 = diag
(
0, u2y + u
3
y + 2u
4
y + u
5
y, u
1
y + u
2
y + u
3
y + u
4
y + u
5
y,
u2y + u
3
y + u
4
y + u
5
y + u
6
y, u
1
y + u
3
y + u
4
y + u
5
y + u
6
y, 0
)
,
R6 = diag
(
0, u1y + u
2
y + u
3
y + 2u
4
y + u
5
y, u
2
y + u
3
y + 2u
4
y + u
5
y + u
6
y,
u1y + u
2
y + u
3
y + u
4
y + u
5
y + u
6
y, 0, 0
)
,
R7 = diag
(
0, u1y + u
2
y + 2u
3
y + 2u
4
y + u
5
y, u
1
y + u
2
y + u
3
y + 2u
4
y + 2u
5
y + u
6
y,
u2y + u
3
y + 2u
4
y + u
5
y + u
6
y, 0, 0
)
,
R8 = diag
(
0, u1y + u
2
y + u
3
y + 2u
4
y + 2u
5
y + u
6
y,
u1y + u
2
y + u
3
y + 2u
4
y + 2u
5
y + u
6
y, 0, 0, 0
)
,
R9 = diag
(
0, u1y + u
2
y + 2u
3
y + 2u
4
y + 2u
5
y + u
6
y, 0, 0, 0, 0
)
,
R10 = diag
(
0, u1y + u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + u
6
y, 0, 0, 0, 0
)
,
R11 = diag
(
0, u1y + 2u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + u
6
y, 0, 0, 0, 0
)
.
The matries Zm, m = 1, 2, . . . , 12, are given by Z1 = U,
Z2 =


0 0 0 0 0 0
−eu
3
0 eu
1
0 0 0
0 −eu
4
0 eu
2
0 0
0 0 −eu
4
eu
3
0 0
0 0 0 −eu
5
eu
4
0
0 0 0 0 −eu
6
eu
5


, Z3 =


0 0 0 0 0 0
0 0 2eu
3
2eu
2
0 0
0 −eu
4
0 eu
1
0 0
0 0 −eu
5
0 eu
2
0
0 0 0 −eu
5
eu
3
0
0 0 0 0 −eu
6
eu
4


,
Z4 =


0 0 0 0 0 0
0 3
2
eu
1
3eu
2
0 0 0
0 −eu
5
0 2eu
3
2eu
2
0
0 0 −eu
5
0 eu
1
0
0 0 0 −eu
6
0 eu
2
0 0 0 0 −eu
6
eu
3


, Z5 =


0 0 0 0 0 0
0 0 eu
4
0 0 0
0 −eu
5 3
2
eu
1
3eu
2
0 0
0 0 −eu
6
0 2eu
3
2eu
2
0 0 0 −eu
6
0 eu
1
0 0 0 0 0 0


,
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Z6 =


0 0 0 0 0 0
0 5
2
eu
1 5
3
eu
4
0 0 0
0 −eu
6
0 eu
4
0 0
0 0 −eu
6 3
2
eu
1
3eu
2
0
0 0 0 0 0 0
0 0 0 0 0 0


, Z7 =


0 0 0 0 0 0
0 eu
3
0 0 0 0
0 0 eu
5
0 0 0
0 −eu
6 5
2
eu
1 5
3
eu
4
0 0
0 0 0 0 0 0
0 0 0 0 0 0


,
Z8 =


0 0 0 0 0 0
0 0 5
2
eu
1
eu
5
0 0
0 −eu
6
0 eu
3
0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


, Z9 =


0 0 0 0 0 0
0 eu
3
eu
5
0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


,
Z10 =


0 0 0 0 0 0
0 eu
4
0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


, Z11 =


0 0 0 0 0 0
0 eu
2
0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


,
Z12 = 0.
To find the Laplae invariants of Eqs. (22) when α = 7, we introdue matries of size 7.
The matries Bm, m = 1, 2, . . . , 17 of size 7, are defined as
 the first olumn of the matries Bm, m ≤ 5 onsist of arbitrary elements,
 for m = 6, 7 in additional to the first olumn, the last olumn Bm is also arbitrary,
 the first, sixth and seventh olumns of the matries Bm, m = 8, 9 onsist of arbitrary elements,
 the first, seond, sixth and seventh olumns of the matries Bm, m = 10, 11 onsist of arbitrary
elements,
 the first, seond, third, sixth and seventh olumns of the matries Bm, m = 12, 13 onsist of
arbitrary elements,
 for m ≥ 14 in additional to the first, seond, third, firth, sixth and seventh olumns, the third
olumn Bm is also arbitrary,
with the other element equal to zero.
The matries Pm, m = 2, 3, . . . , 12, are given by
P2 =


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 −1 1 0 0 0 0
0 1 −1 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


, P3 =


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 −1 1 0 0 0 0
0 1
2
−1 1 0 0 0
0 −1
2
1 −1 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


,
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P4 =


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 −1
3
1 0 0 0 0
0 1
3
−1 1 0 0 0
0 −1
6
1
2
−1 1 0 0
0 1
6
−1
2
1 −1 1 0
0 0 0 0 0 0 1


, P5 =


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 −1 1 0 0 0 0
0 1
3
−1
3
1 0 0 0
0 −1
3
1
3
−1 1 0 0
0 1
6
−1
6
1
2
−1 1 0
0 −1
6
1
6
−1
2
1 −1 1


,
P6 =


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 −3
5
1 0 0 0 0
0 3
5
−1 1 0 0 0
0 −1
5
1
3
−1
3
1 0 0
0 1
5
−1
3
1
3
−1 1 0
0 − 1
10
1
6
−1
6
1
2
−1 1


, P7 =


1 0 0 0 0 0 0
0 1 −1 5
3
−5
3
5 0
0 0 0 5
3
−5
3
5 0
0 0 0 0 1 −3 0
0 0 0 0 0 3 0
0 0 −1 5
3
−5
3
5 0
0 0 0 0 0 0 1


,
P8 =


1 0 0 0 0 0 0
0 1 0 −6 10 0 0
0 −1 1 0 0 0 0
0 −2 0 7 −10 0 0
0 −4
5
0 9
5
−3 0 0
0 −6
5
0 21
5
−7 1 0
0 2
5
0 −7
5
7
3
−1
3
1


, P9 =


1 0 0 0 0 0 0
0 1 0 0 4 0 0
0 −1
2
1 0 −1
2
0 0
0 −1
2
0 1 −1
2
0 0
0 −1
2
0 0 1
2
0 0
0 0 0 0 0 1 0
0 0 0 0 0 −1 1


,
P10 =


1 0 0 0 0 0 0
0 1 −1 −2 0 0 0
0 0 1 0 −1 0 0
0 0 0 1 −1 0 0
0 0 0 1 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 −3
5
1


, P11 = P12 = E7,
P13 =


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 −1 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


, P14 =


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 −2 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


,
P15 = P16 = P17 = P18 = E7.
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The diagonal matries Sm and Rm, are given by
S1 = diag (exp(u
1), exp(u2), exp(u3), exp(u4), exp(u5), exp(u6), exp(u7)) ,
S2 = diag (0, exp(u
1 + u3), exp(u2 + u4), exp(u3 + u4), exp(u4 + u5), exp(u5 + u6), exp(u6 + u7)) ,
S3 = diag (0, 4 exp(u
2 + u3 + u4), exp(u1 + u3 + u4), exp(u2 + u4 + u5), exp(u4 + u5 + u6),
exp(u5 + u6 + u7)) , S4 = diag (0, 9 exp(u
1 + u2 + u3 + u4), 4 exp(u2 + u3 + u4 + u5),
exp(u1 + u3 + u4 + u5), exp(u2 + u4 + u5 + u6), exp(u3 + u4 + u5 + u6), exp(u4 + u5 + u6 + u7)) ,
S5 = diag (0, 4 exp(u
2 + u3 + 2u4 + u5), 9 exp(u1 + u2 + u3 + u4 + u5), 4 exp(u2 + u3 + u4 + u5 + u6),
exp(u1 + u3 + u4 + u5 + u6), exp(u2 + u4 + u5 + u6 + u7), exp(u3 + u4 + u5 + u6 + u7)) ,
S6 = diag (0, 25 exp(u
1 + u2 + u3 + 2u4 + u5), 4 exp(u2 + u3 + 2u4 + u5 + u6),
9 exp(u1 + u2 + u3 + u4 + u5 + u6), 4 exp(u2 + u3 + u4 + u5 + u6 + u7),
exp(u1 + u3 + u4 + u5 + u6 + u7), 0) , S7 = diag (0, 25 exp(u
1 + u2 + 2u3 + 2u4 + u5),
25 exp(u1 + u2 + u3 + 2u4 + u5 + u6), 4 exp(u2 + u3 + 2u4 + u5 + u6 + u7), 9 exp(u1 + u2 + u3 + u4+
u5 + u6 + u7), 4 exp(u2 + u3 + 2u4 + 2u5 + u6 + u7), 0) ,
S8 = diag (0, 25 exp(u
1 + u2 + u3 + 2u4 + 2u5 + u6), 25 exp(u1 + u2 + 2u3 + 2u4 + u5 + u6),
25 exp(u1 + u2 + u3 + 2u4 + u5 + u6 + u7), 4 exp(u2 + u3 + 2u4 + 2u5 + u6 + u7), 0, 0) ,
S9 = diag (0, 100 exp(u
2 + u3 + 2u4 + 2u5 + 2u6 + u7), 25 exp(u1 + u2 + 2u3 + 2u4 + 2u5 + u6),
25 exp(u1 + u2 + 2u3 + 2u4 + u5 + u6 + u7), 25 exp(u1 + u2 + u3 + 2u4 + 2u5 + u6 + u7), 0, 0) ,
S10 = diag (0, 0, 25 exp(u
1 + u2 + 2u3 + 3u4 + 2u5 + u6), 25 exp(u1 + u2 + 2u3 + 2u4 + 2u5 + u6 + u7),
25 exp(u1 + u2 + u3 + 2u4 + 2u5 + 2u6 + u7), 0, 0) , S11 = diag (0, 0, 0, 25 exp(u
1 + 2u2 + 2u3+
+3u4 + 2u5 + u6), 25 exp(u1 + u2 + 2u3 + 3u4 + 2u5 + u6 + u7), 25 exp(u1 + u2 + 2u3 + 2u4+
+2u5 + 2u6 + u7), 0, 0) , S12 = diag (0, 0, 0, 25 exp(u
1 + 2u2 + 2u3 + 3u4 + 2u5 + u6 + u7),
25 exp(u1 + u2 + 2u3 + 3u4 + 2u5 + 2u6 + u7), 0, 0) ,
S13 = diag (0, 0, 0, 25 exp(u
1 + u2 + 2u3 + 3u4 + 3u5 + 2u6 + u7),
25 exp(u1 + 2u2 + 2u3 + 3u4 + 2u5 + 2u6 + u7), 0, 0) ,
S14 = diag (0, 0, 0, 0, 25 exp(u
1 + 2u2 + 2u3 + 3u4 + 3u5 + 2u6 + u7), 0, 0) ,
S15 = diag (0, 0, 0, 0, 25 exp(u
1 + 2u2 + 2u3 + 4u4 + 3u5 + 2u6 + u7), 0, 0) ,
S16 = diag (0, 0, 0, 0, 25 exp(u
1 + 2u2 + 3u3 + 4u4 + 3u5 + 2u6 + u7), 0, 0) ,
S17 = diag (0, 0, 0, 0, 25 exp(2u
1 + 2u2 + 3u3 + 4u4 + 3u5 + 2u6 + u7), 0, 0) ,
S18 = 0,
R1 = diag
(
u1y, u
2
y, u
3
y, u
4
y, u
5
y, u
6
y, u
7
y
)
,
R2 = diag
(
0, u1y + u
3
y, u
2
y + u
4
y, u
3
y + u
4
y, u
4
y + u
5
y, u
5
y + u
6
y, u
6
y + u
7
y
)
,
R3 = diag
(
0, u2y + u
3
y + u
4
y, u
1
y + u
3
y + u
4
y, u
2
y + u
4
y + u
5
y, u
4
y + u
5
y + u
6
y, u
5
y + u
6
y + u
7
y
)
,
13
R4 = diag
(
0, u1y + u
2
y + u
3
y + u
4
y, u
2
y + u
3
y + u
4
y + u
5
y, u
1
y + u
3
y + u
4
y + u
5
y, u
2
y + u
4
y + u
5
y + u
6
y,
u3y + u
4
y + u
5
y + u
6
y, u
4
y + u
5
y + u
6
y + u
7
y
)
,
R5 = diag
(
0, u2y + u
3
y + 2u
4
y + u
5
y, u
1
y + u
2
y + u
3
y + u
4
y + u
5
y, u
2
y + u
3
y + u
4
y + u
5
y + u
6
y,
u1y + u
3
y + u
4
y + u
5
y + u
6
y, u
2
y + u
4
y + u
5
y + u
6
y + u
7
y, u
3
y + u
4
y + u
5
y + u
6
y + u
7
y
)
,
R6 = diag
(
0, u1y + u
2
y + u
3
y + 2u
4
y + u
5
y, u
2
y + u
3
y + 2u
4
y + u
5
y + u
6
y, u
1
y + u
2
y + u
3
y+
+u4y + u
5
y + u
6
y, u
2
y + u
3
y + u
4
y + u
5
y + u
6
y + u
7
y, u
1
y + u
3
y + u
4
y + u
5
y + u
6
y + u
7
y, 0
)
,
R7 = diag
(
0, u1y + u
2
y + 2u
3
y + 2u
4
y + u
5
y, u
1
y + u
2
y + u
3
y + 2u
4
y + u
5
y + u
6
y, u
2
y + u
3
y + 2u
4
y + u
5
y + u
6
y + u
7
y,
u1y + u
2
y + u
3
y + u
4
y + u
5
y + u
6
y + u
7
y, u
2
y + u
3
y + 2u
4
y + 2u
5
y + u
6
y + u
7
y, 0
)
,
R8 = diag
(
0, u1y + u
2
y + u
3
y + 2u
4
y + 2u
5
y + u
6
y, u
1
y + u
2
y + 2u
3
y + 2u
4
y + u
5
y + u
6
y,
u1y + u
2
y + u
3
y + 2u
4
y + u
5
y + u
6
y + u
7
y, u
2
y + u
3
y + 2u
4
y + 2u
5
y + u
6
y + u
7
y, 0, 0
)
,
R9 = diag
(
0, u2y + u
3
y + 2u
4
y + 2u
5
y + 2u
6
y + u
7
y, u
1
y + u
2
y + 2u
3
y + 2u
4
y + 2u
5
y + u
6
y,
u1y + u
2
y + 2u
3
y + 2u
4
y + u
5
y + u
6
y + u
7
y, u
1
y + u
2
y + u
3
y + 2u
4
y + 2u
5
y + u
6
y + u
7
y, 0, 0
)
,
R10 = diag
(
0, 0, u1y + u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + u
6
y, u
1
y + u
2
y + 2u
3
y + 2u
4
y+
2u5y + u
6
y + u
7
y, 25 exp(u
1 + u2 + u3 + 2u4 + 2u5 + 2u6y + u
7
y, 0, 0
)
,
R11 = diag
(
0, 0, 0, u1y + 2u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + u
6
y, u
1
y + u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + u
6
y + u
7
y,
u1y + u
2
y + 2u
3
y + 2u
4
y + 2u
5
y + 2u
6
y + u
7
y, 0, 0
)
,
R12 = diag
(
0, 0, 0, u1y + 2u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + u
6
y + u
7
y, u
1
y + u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + 2u
6
y + u
7
y, 0, 0
)
,
R13 = diag
(
0, 0, 0, u1y + u
2
y + 2u
3
y + 3u
4
y + 3u
5
y + 2u
6
y + u
7
y, u
1
y + 2u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + 2u
6
y + u
7
y, 0, 0
)
,
R14 = diag
(
0, 0, 0, 0, u1y + 2u
2
y + 2u
3
y + 3u
4
y + 3u
5
y + 2u
6
y + u
7
y, 0, 0
)
,
R15 = diag
(
0, 0, 0, 0, u1y + 2u
2
y + 2u
3
y + 4u
4
y + 3u
5
y + 2u
6
y + u
7
y, 0, 0
)
,
R16 = diag
(
0, 0, 0, 0, u1y + 2u
2
y + 3u
3
y + 4u
4
y + 3u
5
y + 2u
6
y + u
7
y, 0, 0
)
,
R17 = diag
(
0, 0, 0, 0, 2u1y + 2u
2
y + 3u
3
y + 4u
4
y + 3u
5
y + 2u
6
y + u
7
y, 0, 0
)
.
The matries Zm, m = 1, 2, . . . , 18, are given by Z1 = U,
Z2 =


0 0 0 0 0 0 0
−eu
3
0 eu
1
0 0 0 0
0 −eu
4
0 eu
2
0 0 0
0 0 −eu
4
eu
3
0 0 0
0 0 0 −eu
5
eu
4
0 0
0 0 0 0 −eu
6
eu
5
0
0 0 0 0 0 −eu
7
eu
6


,
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Z3 =


0 0 0 0 0 0 0
0 0 2eu
3
2eu
2
0 0 0
0 −eu
4
0 eu
1
0 0 0
0 0 −eu
5
0 eu
2
0 0
0 0 0 −eu
5
eu
3
0 0
0 0 0 0 −eu
6
eu
4
0
0 0 0 0 0 −eu
7
eu
5


,
Z4 =


0 0 0 0 0 0 0
0 3
2
eu
1 3
2
eu
2
0 0 0 0
0 −eu
5
0 2eu
3
2eu
2
0 0
0 0 −eu
5
0 eu
1
0 0
0 0 0 −eu
6
0 eu
2
0
0 0 0 0 −eu
6
eu
3
0
0 0 0 0 0 −eu
7
eu
4


,
Z5 =


0 0 0 0 0 0 0
0 0 eu
4
0 0 0 0
0 −eu
5 3
2
eu
1
3eu
2
0 0 0
0 0 −eu
6
0 2eu
3
2eu
2
0
0 0 0 −eu
6
0 eu
1
0
0 0 0 0 −eu
7
0 eu
2
0 0 0 0 0 −eu
7
eu
3


,
Z6 =


0 0 0 0 0 0 0
0 5
2
eu
1 5
3
eu
4
0 0 0 0
0 −eu
6
0 eu
4
0 0 0
0 0 −eu
6 3
2
eu
1
3eu
2
0 0
0 0 0 −eu
7
0 2eu
3
2eu
2
0 0 0 0 −eu
7
0 eu
1
0 0 0 0 0 0 0


,
Z7 =


0 0 0 0 0 0 0
0 eu
3
0 0 0 0 0
0 −eu
6 5
2
eu
1 5
3
eu
4
0 0 0
0 0 −eu
7
0 eu
4
0 0
0 0 0 −eu
7 3
2
eu
1
3eu
2
0
0 0 −eu
5
0 0 0 0
0 0 0 0 0 0 0


,
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Z8 =


0 0 0 0 0 0 0
0 0 −eu
5
0 0 5
2
eu
1
0
0 −eu
6
eu
3
0 0 0 0
0 0 −eu
7 5
2
eu
1 5
3
eu
4
0 0
0 0 0 −eu
5
0 −eu
7
0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,
Z9 =


0 0 0 0 0 0 0
0 0 0 0 5eu
6
0 0
0 −eu
3
eu
5
0 0 0 0
0 0 −eu
7
eu
3
0 0 0
0 −eu
7
0 −eu
5 5
2
eu
1
0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,
Z10 =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 eu
4
0 0 0 0
0 0 −eu
7
eu
5
−eu
3
0 0
0 1
2
eu
1
0 0 eu
6
0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,
Z11 =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 eu
2
0 0 0 0
0 0 −eu
7
eu
4
0 0 0
0 0 0 −eu
6
eu
3
0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,
Z12 =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 −eu
7
eu
2
0 0 0
0 0 0 −eu
6
eu
4
0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,
Z13 =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 eu
5
0 0
0 0 0 −eu
6
eu
2
0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,
16
Z14 =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 eu
2
eu
5
0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


, Z15 =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 eu
4
0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,
Z16 =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 eu
3
0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


, Z17 =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 eu
1
0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,
Z18 = 0.
The nonzero elements of the matries Dm = (dij)
7
i,j=1
, m = 2, 3, . . . , 18, are determined by the
formulas
d321 = −e
u3 ; d757 = 2e
u2 − 2eu
3
; d767 = e
u1 ; d962 =
5
2
eu
1
; d964 = −
5
3
eu
4
;
d965 = −e
u7 ; d1052 =
1
2
eu
1
; d1334 = −e
u7 ; d1554 = e
u2.
Finally, the matries Gm, m = 2, 3, . . . , 18, are given by G2 = J7;
Gm =
(
1 0
0 J6
)
, m = 3, 4, 5, 6; Gm =

 1 0 00 J5 0
0 0 1

 for m = 7, 8;
Gm =

 E5−k 0 00 Jk 0
0 0 E2

 , where k = 4 if m set to 9, 10;
k = 3 if m set to 11, 12 and k = 2 if m set to 13, 14;
Gm = E7, m = 15, 16, 17, 18.
To find the Laplae invariants of Eqs. (22) when α = 8, we introdue matries of size 8.
The matries Pm, m = 2, 3, . . . , 30, are given by
P2 =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −1 1 0 0 0 0 0
0 1 −1 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


, P3 =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −1 1 0 0 0 0 0
0 1
2
−1 1 0 0 0 0
0 −1
2
1 −1 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


,
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P4 =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −1
3
1 0 0 0 0 0
0 1
3
−1 1 0 0 0 0
0 −1
6
1
2
−1 1 0 0 0
0 1
6
−1
2
1 −1 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


, P5 =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −1 1 0 0 0 0 0
0 1
3
−1
3
1 0 0 0 0
0 −1
3
1
3
−1 1 0 0 0
0 1
6
−1
6
1
2
−1 1 0 0
0 −1
6
1
6
−1
2
1 −1 1 0
0 0 0 0 0 0 0 1


,
P6 =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −3
5
1 0 0 0 0 0
0 3
5
−1 1 0 0 0 0
0 −1
5
1
3
−1
3
1 0 0 0
0 1
5
−1
3
1
3
−1 1 0 0
0 − 1
10
1
6
−1
6
1
2
−1 1 0
0 1
10
−1
6
1
6
−1
2
1 −1 1


, P7 =


1 0 0 0 0 0 0 0
0 1 −1 5
3
−5
3
5 −10 10
0 0 1 −5
3
5
3
−5 10 −10
0 0 0 5
3
−5
3
5 −10 10
0 0 0 0 1 −3 6 −6
0 0 0 0 0 3 −6 6
0 0 0 0 0 0 2 −2
0 0 0 0 0 0 −1 2


,
P8 =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −1 1 0 0 0 0 0
0 2
7
−1 1 0 0 0 0
0 −2
7
1 −1 1 0 0 0
0 6
35
−3
5
3
5
−3
5
1 0 0
0 − 6
35
3
5
−3
5
3
5
−1 1 0
0 2
35
−1
5
1
5
−1
5
1
3
−1
3
1


, P9 =


1 0 0 0 0 0 0 0
0 1
7
−12
35
6
5
−6
5
6
5
−2 0
0 −1
2
6
5
− 7
10
7
10
− 7
10
7
6
0
0 5
14
−6
7
1
2
1
2
−1
2
5
6
0
0 0 0 0 0 1 −5
3
0
0 0 0 0 0 0 5
3
0
0 1
2
1
5
− 7
10
7
10
− 7
10
7
6
0
0 0 0 0 0 0 0 1


,
P10 =


1 0 0 0 0 0 0 0
0 −7
6
3
2
3
5
−21
10
21
10
1
15
0
0 −1
3
3
7
− 8
35
4
5
−4
5
2
15
0
0 7
6
−3
2
4
5
7
10
− 7
10
− 7
15
0
0 −5
6
15
14
−4
7
−1
2
3
2
−2
3
0
0 7
6
−3
2
−3
5
21
10
−21
10
14
15
0
0 7
3
−2 −4
5
14
5
−14
5
7
15
0
0 0 0 0 0 0 0 1


,
P11 =


1 0 0 0 0 0 0 0
0 1 −1 −1 19
5
−19
5
0 0
0 0 0 1 −19
5
19
5
0 0
0 0 −1 9
7
−24
35
2
5
0 0
0 0 0 0 1 −1 0 0
0 0 0 −1 12
5
−7
5
0 0
0 0 0 1 −12
5
7
5
1 0
0 0 0 0 0 0 0 1


, P12 =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −1 1 7
2
−7
5
−1 0 0
0 0 0 1 0 0 0 0
0 0 0 −7
2
7
5
1 0 0
0 0 0 −7
2
0 1 0 0
0 −1 1 7 −7
5
−2 1 0
0 0 0 0 0 0 0 1


,
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P13 =


1 0 0 0 0 0 0 0
0 1 0 7
2
−1 −1 0 0
0 −1 1 −7 1 2 0 0
0 0 0 1 0 0 0 0
0 0 0 −7
2
1 1 0 0
0 0 0 −7
2
0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


, P14 =


1 0 0 0 0 0 0 0
0 1 0 0 −1 0 0 0
0 −1 1 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 −1 1 −7
2
2 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


,
P15 =


1 0 0 0 0 0 0 0
0 1 −1
2
−7
4
−1
2
0 0 0
0 0 1
2
7
4
1
2
0 0 0
0 0 −1
7
1
2
1
7
0 0 0
0 0 −1
7
−1
2
1
7
0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


, P16 =


1 0 0 0 0 0 0 0
0 1 −1 0 7
2
0 0 0
0 0 1 0 −7
2
0 0 0
0 0 0 1 1 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


,
P17 =


1 0 0 0 0 0 0 0
0 1 −1 7
2
7
2
0 0 0
0 0 1 −7
2
−7
2
0 0 0
0 0 0 −1 0 0 0 0
0 0 0 1 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


, P18 =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −1 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 2
7
−2
7
−1 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


,
P19 = P20 =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −1 1 0 0 0 0 0
0 2
7
−2
7
1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


,
P21 = P22 =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −1 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


,
19
P23 = P24 =


1 0 0 0 0 0 0 0
0 1 −1 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


,
Pm = 0, m = 25, 26, . . . , 30.
The diagonal matries Sm and Rm, are given by
S1 = diag (exp(u
1), exp(u2), exp(u3), exp(u4), exp(u5), exp(u6), exp(u7), exp(u8)) ,
S2 = diag (0, exp(u
1 + u3), exp(u2 + u4), exp(u3 + u4), exp(u4 + u5), exp(u5 + u6), exp(u6 + u7),
exp(u7 + u8)) , S3 = diag (0, 4 exp(u
2 + u3 + u4), exp(u1 + u3 + u4), exp(u2 + u4 + u5),
exp(u3 + u4 + u5), exp(u4 + u5 + u6), exp(u5 + u6 + u7), exp(u6 + u7 + u8)) ,
S4 = diag (0, 9 exp(u
1 + u2 + u3 + u4), 4 exp(u2 + u3 + u4 + u5), exp(u1 + u3 + u4 + u5),
exp(u2 + u4 + u5 + u6), exp(u3 + u4 + u5 + u6), exp(u4 + u5 + u6 + u7), exp(u5 + u6 + u7 + u8)) ,
S5 = diag (0, 4 exp(u
2 + u3 + 2u4 + u5), 9 exp(u1 + u2 + u3 + u4 + u5), 4 exp(u2 + u3 + u4 + u5 + u6),
exp(u1 + u3 + u4 + u5 + u6), exp(u2 + u4 + u5 + u6 + u7), exp(u3 + u4 + u5 + u6 + u7),
exp(u4 + u5 + u6 + u7 + u8)) , S6 = diag (0, 25 exp(u
1 + u2 + u3 + 2u4 + u5),
4 exp(u2 + u3 + 2u4 + u5 + u6), 9 exp(u1 + u2 + u3 + u4 + u5 + u6), 4 exp(u2 + u3 + u4 + u5 + u6 + u7),
exp(u1 + u3 + u4 + u5 + u6 + u7), exp(u2 + u4 + u5 + u6 + u7 + u8), exp(u3 + u4 + u5 + u6 + u7 + u8)) ,
S7 = diag (0, 25 exp(u
1 + u2 + 2u3 + 2u4 + u5), 4 exp(u2 + u3 + 2u4 + 2u5 + u6),
25 exp(u1 + u2 + u3 + 2u4 + u5 + u6), 4 exp(u2 + u3 + 2u4 + u5 + u6 + u7), 9 exp(u1 + u2 + u3 + u4+
+u5 + u6 + u7), 4 exp(u2 + u3 + u4 + u5 + u6 + u7 + u8), exp(u1 + u3 + u4 + u5 + u6 + u7 + u8), ) ,
S8 = diag (0, 49 exp(u
1 + u2 + u3 + 2u4 + 2u5 + u6), 25 exp(u1 + u2 + 2u3 + 2u4 + u5 + u6),
4 exp(u2 + u3 + 2u4 + 2u5 + u6 + u7), 25 exp(u1 + u2 + u3 + 2u4 + u5 + u6 + u7),
4 exp(u2 + u3 + 2u4 + u5 + u6 + u7 + u8), 9 exp(u1 + u2 + u3 + u4 + u5 + u6 + u7 + u8), 0) ,
S9 = diag (0, 4 exp(u
2 + u3 + 2u4 + 2u5 + 2u6 + u7), 49 exp(u1 + u2 + u3 + 2u4 + 2u5 + u6 + u7),
25 exp(u1 + u2 + 2u3 + 2u4 + u5 + u6 + u7), 4 exp(u2 + u3 + 2u4 + 2u5 + u6 + u7 + u8),
25 exp(u1 + u2 + u3 + 2u4 + u5 + u6 + u7 + u8), 49 exp(u1 + u2 + 2u3 + 2u4 + 2u5 + u6), 0) ,
S10 = diag (0, 49 exp(u
1 + u2 + 2u3 + 3u4 + 2u5 + u6), 4 exp(u2 + u3 + 2u4 + 2u5 + 2u6 + u7 + u8),
49 exp(u1 + u2 + u3 + 2u4 + 2u5 + u6 + u7 + u8), 25 exp(u1 + u2 + 2u3 + 2u4 + u5 + u6 + u7 + u8),
49 exp(u1 + u2 + 2u3 + 2u4 + 2u5 + u6 + u7), 49 exp(u1 + u2 + u3 + 2u4 + 2u5 + 2u6 + u7), 0) ,
20
S11 = diag (0, 49 exp(u
1 + 2u2 + 2u3 + 3u4 + 2u5 + u6), 49 exp(u1 + u2 + 2u3 + 3u4 + 2u5 + u6 + u7),
4 exp(u2 + u3 + 2u4 + 2u5 + 2u6 + 2u7 + u8), 25 exp(u1 + u2 + 2u3 + 2u4 + 2u5 + u6 + u7 + u8),
49 exp(u1 + u2 + u3 + 2u4 + 2u5 + 2u6 + u7 + u8), 49 exp(u1 + u2 + 2u3 + 2u4 + 2u5 + 2u6 + u7), 0) ,
S12 = diag (0, 49 exp(u
1 + 2u2 + 2u3 + 3u4 + 2u5 + u6 + u7), 49 exp(u1 + u2 + 2u3 + 3u4 + 2u5+
+2u6 + u7), 4 exp(u1 + u2 + u3 + 2u4 + 2u5 + 2u6 + 2u7 + u8), 49 exp(u1 + u2 + 2u3 + 3u4 + 2u5+
+u6 + u7 + u8), 49 exp(u1 + u2 + 2u3 + 2u4 + 2u5 + 2u6 + u7 + u8), 0, 0) ,
S13 = diag (0, 49 exp(u
1 + 2u2 + 2u3 + 3u4 + 2u5 + 2u6 + u7), 49 exp(u1 + u2 + 2u3 + 3u4 + 3u5+
+2u6 + u7), 4 exp(u1 + u2 + 2u3 + 2u4 + 2u5 + 2u6 + 2u7 + u8), 49 exp(u1 + 2u2 + 2u3 + 3u4+
+2u5 + u6 + u7 + u8), 49 exp(u1 + u2 + 2u3 + 3u4 + 2u5 + 2u6 + u7 + u8), 0, 0) ,
S14 = diag (0, 49 exp(u
1 + 2u2 + 2u3 + 3u4 + 3u5 + 2u6 + u7), 49 exp(u1 + u2 + 2u3 + 3u4+
+3u5 + 2u6 + u7 + u8), 4 exp(u1 + u2 + 2u3 + 3u4 + 2u5 + 2u6 + 2u7 + u8),
49 exp(u1 + 2u2 + 2u3 + 3u4 + 2u5 + 2u6 + u7 + u8), 0, 0, 0) ,
S15 = diag (0, 49 exp(u
1 + 2u2 + 2u3 + 4u4 + 3u5 + 2u6 + u7),
49 exp(u1 + 2u2 + 2u3 + 3u4 + 3u5 + 2u6 + u7 + u8), 4 exp(u1 + u2 + 2u3 + 3u4 + 3u5 + 2u6 + 2u7 + u8),
4 exp(u1 + 2u2 + 2u3 + 3u4 + 2u5 + 2u6 + 2u7 + u8), 0, 0, 0) ,
S16 = diag (0, 49 exp(u
1 + 2u2 + 3u3 + 4u4 + 3u5 + 2u6 + u7),
49 exp(u1 + 2u2 + 2u3 + 4u4 + 3u5 + 2u6 + u7 + u8), 4 exp(u1 + u2 + 2u3 + 3u4 + 3u5 + 3u6 + 2u7 + u8),
4 exp(u1 + 2u2 + 2u3 + 3u4 + 3u5 + 2u6 + 2u7 + u8), 0, 0, 0) ,
S17 = diag (0, 49 exp(2u
1 + 2u2 + 3u3 + 4u4 + 3u5 + 2u6 + u7), 49 exp(u1 + 2u2 + 3u3+
+4u4 + 3u5 + 2u6 + u7 + u8), 4 exp(u1 + 2u2 + 2u3 + 3u4 + 3u5 + 3u6 + 2u7 + u8),
4 exp(u1 + 2u2 + 2u3 + 4u4 + 3u5 + 2u6 + 2u7 + u8), 0, 0, 0) ,
S18 = diag (0, 49 exp(2u
1 + 2u2 + 3u3 + 4u4 + 3u5 + 2u6 + u7 + u8), 49 exp(u1 + 2u2 + 3u3+
+4u4 + 3u5 + 2u6 + 2u7 + u8), 4 exp(u1 + 2u2 + 2u3 + 4u4 + 3u5 + 3u6 + 2u7 + u8), 0, 0, 0, 0) ,
S19 = diag (0, 49 exp(2u
1 + 2u2 + 3u3 + 4u4 + 3u5 + 2u6 + 2u7 + u8), 49 exp(u1 + 2u2+
+3u3 + 4u4 + 3u5 + 3u6 + 2u7 + u8), 4 exp(u1 + 2u2 + 2u3 + 4u4 + 4u5 + 3u6 + 2u7 + u8), 0, 0, 0, 0) ,
S20 = diag (0, 49 exp(2u
1 + 2u2 + 3u3 + 4u4 + 3u5 + 3u6 + 2u7 + u8),
49 exp(u1 + 2u2 + 3u3 + 4u4 + 4u5 + 3u6 + 2u7 + u8), 0, 0, 0, 0, 0) ,
S21 = diag (0, 49 exp(2u
1 + 2u2 + 3u3 + 4u4 + 4u5 + 3u6 + 2u7 + u8), 49 exp(u1 + 2u2 + 3u3+
+5u4 + 4u5 + 3u6 + 2u7 + u8), 0, 0, 0, 0, 0) ,
S22 = diag (0, 49 exp(2u
1 + 2u2 + 3u3 + 5u4 + 4u5 + 3u6 + 2u7 + u8), 49 exp(u1 + 3u2 + 3u3+
+5u4 + 4u5 + 3u6 + 2u7 + u8), 0, 0, 0, 0, 0) ,
21
S23 = diag (0, 49 exp(2u
1 + 2u2 + 4u3 + 5u4 + 4u5 + 3u6 + 2u7 + u8), 49 exp(2u1 + 3u2+
+3u3 + 5u4 + 4u5 + 3u6 + 2u7 + u8), 0, 0, 0, 0, 0) ,
S24 = diag (0, 0, 49 exp(2u
1 + 3u2 + 4u3 + 5u4 + 4u5 + 3u6 + 2u7 + u8), 0, 0, 0, 0, 0) ,
S25 = diag (0, 0, 49 exp(2u
1 + 3u2 + 4u3 + 6u4 + 4u5 + 3u6 + 2u7 + u8), 0, 0, 0, 0, 0) ,
S26 = diag (0, 0, 49 exp(2u
1 + 3u2 + 4u3 + 6u4 + 5u5 + 3u6 + 2u7 + u8), 0, 0, 0, 0, 0) ,
S27 = diag (0, 0, 49 exp(2u
1 + 3u2 + 4u3 + 6u4 + 5u5 + 4u6 + 2u7 + u8), 0, 0, 0, 0, 0) ,
S28 = diag (0, 0, 49 exp(2u
1 + 3u2 + 4u3 + 6u4 + 5u5 + 4u6 + 3u7 + u8), 0, 0, 0, 0, 0) ,
S29 = diag (0, 0, 49 exp(2u
1 + 3u2 + 4u3 + 6u4 + 5u5 + 4u6 + 3u7 + 2u8), 0, 0, 0, 0, 0) , S30 = 0,
R1 = diag
(
u1y, u
2
y, u
3
y, u
4
y, u
5
y, u
6
y, u
7
y, u
8
y
)
,
R2 = diag
(
0, u1y + u
3
y, u
2
y + u
4
y, u
3
y + u
4
y, u
4
y + u
5
y, u
5
y + u
6
y, u
6
y + u
7
y, u
7
y + u
8
y
)
,
R3 = diag
(
0, u2y + u
3
y + u
4
y, u
1
y + u
3
y + u
4
y, u
2
y + u
4
y + u
5
y, u
3
y + u
4
y + u
5
y, u
4
y + u
5
y + u
6
y,
u5y + u
6
y + u
7
y, u
6
y + u
7
y + u
8
y
)
,
R4 = diag
(
0, u1y + u
2
y + u
3
y + u
4
y, u
2
y + u
3
y + u
4
y + u
5
y, u
1
y+ u
3
y + u
4
y + u
5
y,
u2y + u
4
y + u
5
y + u
6
y, u
3
y + u
4
y + u
5
y + u
6
y, u
4
y + u
5
y + u
6
y + u
7
y, u
5
y + u
6
y + u
7
y + u
8
y
)
,
R5 = diag
(
0, u2y + u
3
y + 2u
4
y + u
5
y, u
1
y + u
2
y + u
3
y + u
4
y + u
5
y, u
2
y + u
3
y + u
4
y + u
5
y + u
6
y,
u1y + u
3
y + u
4
y + u
5
y + u
6
y, u
2
y + u
4
y + u
5
y + u
6
y + u
7
y, u
3
y + u
4
y + u
5
y + u
6
y + u
7
y, u
4
y + u
5
y + u
6
y + u
7
y + u
8
y
)
,
R6 = diag
(
0, u1y + u
2
y + u
3
y + 2u
4
y + u
5
y, u
2
y + u
3
y + 2u
4
y + u
5
y + u
6
y, u
1
y + u
2
y + u
3
y + u
4
y + u
5
y + u
6
y,
u2y + u
3
y + u
4
y + u
5
y + u
6
y + u
7
y, u
1
y + u
3
y + u
4
y + u
5
y + u
6
y + u
7
y, u
2
y + u
4
y + u
5
y + u
6
y + u
7
y + u
8
y,
u3y + u
4
y + u
5
y + u
6
y + u
7
y + u
8
y
)
,
R7 = diag
(
0, u1y + u
2
y + 2u
3
y + 2u
4
y + u
5
y, u
2
y + u
3
y + 2u
4
y + 2u
5
y+ u
6
y, u
1
y + u
2
y + u
3
y + 2u
4
y + u
5
y + u
6
y,
u2y + u
3
y + 2u
4
y + u
5
y + u
6
y + u
7
y, u
1
y + u
2
y + u
3
y + u
4
y + u
5
y + u
6
y + u
7
y,
u2y + u
3
y + u
4
y + u
5
y + u
6
y + u
7
y + u
8
y, u
1
y + u
3
y + u
4
y + u
5
y +u
6
y + u
7
y + u
8
y,
)
,
R8 = diag
(
0, u1y + u
2
y + u
3
y + 2u
4
y + 2u
5
y + u
6
y, u
1
y + u
2
y + 2u
3
y + 2u
4
y + u
5
y + u
6
y,
u2y + u
3
y + 2u
4
y + 2u
5
y + u
6
y + u
7
y, u
1
y + u
2
y + u
3
y + 2u
4
y + u
5
y + u
6
y + u
7
y,
u2y + u
3
y + 2u
4
y + u
5
y + u
6
y + u
7
y + u
8
y, u
1
y + u
2
y + u
3
y + u
4
y + u
5
y + u
6
y + u
7
y + u
8
y, 0
)
,
R9 = diag
(
0, u2y + u
3
y + 2u
4
y + 2u
5
y + 2u
6
y + u
7
y, u
1
y + u
2
y + u
3
y+ 2u
4
y + 2u
5
y + u
6
y + u
7
y,
u1y + u
2
y + 2u
3
y + 2u
4
y + u
5
y + u
6
y + u
7
y, u
2
y + u
3
y + 2u
4
y + 2u
5
y + u
6
y + u
7
y + u
8
y,
u1y + u
2
y + u
3
y + 2u
4
y ++u
5
y + u
6
y + u
7
y + u
8
y, u
1
y + u
2
y + 2u
3
y + 2u
4
y + 2u
5
y + u
6
y, 0
)
,
R10 = diag
(
0, u1y + u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + u
6
y, u
2
y + u
3
y + 2u
4
y + 2u
5
y + 2u
6
y + u
7
y + u
8
y,
u1y + u
2
y + u
3
y + 2u
4
y + 2u
5
y + u
6
y + u
7
y + u
8
y, u
1
y + u
2
y + 2u
3
y + 2u
4
y + u
5
y + u
6
y + u
7
y + u
8
y,
u1y + u
2
y + 2u
3
y + 2u
4
y + 2u
5
y + u
6
y + u
7
y, u
1
y + u
2
y + u
3
y + 2u
4
y + 2u
5
y +2u
6
y + u
7
y, 0
)
,
22
R11 = diag
(
0, u1y + 2u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + u
6
y, u
1
y + u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + u
6
y + u
7
y,
u2y + u
3
y + 2u
4
y + 2u
5
y + u
6
y + 2u
7
y + u
8
y, u
1
y + u
2
y + 2u
3
y + 2u
4
y + 2u
5
y + u
6
y + u
7
y + u
8
y,
u1y + u
2
y + u
3
y + 2u
4
y + 2u
5
y + 2u
6
y + u
7
y + u
8
y, u
1
y + u
2
y + 2u
3
y + 2u
4
y + 2u
5
y + 2u
6
y + u
7
y, 0
)
,
R12 = diag
(
0, u1y + 2u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + u
6
y + u
7
y, u
1
y+ u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + 2u
6
y + u
7
y,
u1y + u
2
y + u
3
y + 2u
4
y + 2u
5
y + 2u
6
y + 2u
7
y + u
8
y, u
1
y + u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + u
6
y + u
7
y + u
8
y,
u1y + u
2
y + 2u
3
y + 2u
4
y + 2u
5
y + +2u
6
y + u
7
y + u
8
y, 0, 0
)
,
R13 = diag
(
0, u1y + 2u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + 2u
6
y + u
7
y, u
1
y + u
2
y + 2u
3
y + 3u
4
y + 3u
5
y + 2u
6
y + u
7
y,
u1y + u
2
y + 2u
3
y + 2u
4
y + 2u
5
y + 2u
6
y + 2u
7
y + u
8
y, u
1
y + 2u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + u
6
y + u
7
y + u
8
y,
u1y + u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + 2u
6
y + u
7
y + u
8
y, 0, 0
)
,
R14 = diag
(
0, u1y + 2u
2
y + 2u
3
y + 3u
4
y + 3u
5
y + 2u
6
y + u
7
y, u
1
y+ u
2
y + 2u
3
y + 3u
4
y + 3u
5
y + 2u
6
y + u
7
y + u
8
y,
u1y + u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + 2u
6
y + 2u
7
y + u
8
y, u
1
y + 2u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + 2u
6
y + u
7
y + u
8
y, 0, 0, 0) ,
R15 = diag
(
0, u1y + 2u
2
y + 2u
3
y + 4u
4
y + 3u
5
y + 2u
6
y + u
7
y, u
1
y + 2u
2
y + 2u
3
y + 3u
4
y + 3u
5
y + 2u
6
y + u
7
y + u
8
y,
u1y + u
2
y + 2u
3
y ++3u
4
y + 3u
5
y + 2u
6
y + 2u
7
y + u
8
y, u
1
y + 2u
2
y + 2u
3
y + 3u
4
y + 2u
5
y + 2u
6
y +2u
7
y + u
8
y, 0, 0, 0
)
,
R16 = diag
(
0, u1y + 2u
2
y + 3u
3
y + 4u
4
y + 3u
5
y+ 2u
6
y + u
7
y, u
1
y + 2u
2
y + 2u
3
y + 4u
4
y + 3u
5
y + 2u
6
y + u
7
y + u
8
y,
u1y + u
2
y + 2u
3
y + 3u
4
y + 3u
5
y + 3u
6
y + 2u
7
y + u
8
y, u
1
y + 2u
2
y + 2u
3
y + 3u
4
y + 3u
5
y + 2u
6
y + +2u
7
y + u
8
y, 0, 0, 0
)
,
R17 = diag
(
0, 2u1y + 2u
2
y + 3u
3
y + 4u
4
y + 3u
5
y + 2u
6
y + u
7
y, u
1
y + 2u
2
y + 3u
3
y + 4u
4
y + 3u
5
y + 2u
6
y + u
7
y + u
8
y,
u1y + 2u
2
y + 2u
3
y + 3u
4
y + 3u
5
y + 3u
6
y + 2u
7
y + u
8
y, u
1
y + 2u
2
y + 2u
3
y + 4u
4
y + 3u
5
y +2u
6
y + 2u
7
y + u
8
y, 0, 0, 0
)
,
R18 = diag
(
0, 2u1y + 2u
2
y + 3u
3
y+ 4u
4
y + 3u
5
y + 2u
6
y + u
7
y + u
8
y, u
1
y + 2u
2
y + 3u
3
y + 4u
4
y + 3u
5
y + 2u
6
y+
+2u7y + u
8
y, u
1
y + 2u
2
y + 2u
3
y + 4u
4
y + 3u
5
y + 3u
6
y + 2u
7
y + u
8
y, 0, 0, 0, 0) ,
R19 = diag
(
0, 2u1y + 2u
2
y + 3u
3
y + 4u
4
y + 3u
5
y+ 2u
6
y + 2u
7
y + u
8
y, u
1
y + 2u
2
y + 3u
3
y + 4u
4
y + 3u
5
y + 3u
6
y+
+2u7y + u
8
y, u
1
y + 2u
2
y + 2u
3
y + 4u
4
y + 4u
5
y + 3u
6
y + 2u
7
y + u
8
y, 0, 0, 0, 0) ,
R20 = diag
(
0, 2u1y + 2u
2
y + 3u
3
y + 4u
4
y + 3u
5
y + 3u
6
y + 2u
7
y + u
8
y, u
1
y + 2u
2
y + 3u
3
y + 4u
4
y + 4u
5
y + 3u
6
y+
+2u7y + u
8
y, 0, 0, 0, 0, 0) ,
R21 = diag
(
0, 2u1y + 2u
2
y + 3u
3
y + 4u
4
y + 4u
5
y + 3u
6
y + 2u
7
y + u
8
y, u
1
y + 2u
2
y + 3u
3
y + 5u
4
y + 4u
5
y + 3u
6
y+
+2u7y + u
8
y, 0, 0, 0, 0, 0) ,
R22 = diag
(
0, 2u1y + 2u
2
y + 3u
3
y + 5u
4
y + 4u
5
y + 3u
6
y + 2u
7
y + u
8
y, u
1
y + 3u
2
y + 3u
3
y + 5u
4
y + 4u
5
y + 3u
6
y+
+2u7y + u
8
y, 0, 0, 0, 0, 0) ,
R23 = diag
(
0, 2u1y + 2u
2
y + 4u
3
y + 5u
4
y + 4u
5
y + 3u
6
y + 2u
7
y + u
8
y, 2u
1
y + 3u
2
y + 3u
3
y + 5u
4
y + 4u
5
y + 3u
6
y+
+2u7y + u
8
y, 0, 0, 0, 0, 0) ,
R24 = diag
(
0, 0, 2u1y + 3u
2
y + 4u
3
y + 5u
4
y + 4u
5
y + 3u
6
y + 2u
7
y + u
8
y, 0, 0, 0, 0, 0
)
,
R25 = diag
(
0, 0, 2u1y + 3u
2
y + 4u
3
y + 6u
4
y + 4u
5
y + 3u
6
y + 2u
7
y + u
8
y, 0, 0, 0, 0, 0
)
,
R26 = diag
(
0, 0, 2u1y + 3u
2
y + 4u
3
y + 6u
4
y + 5u
5
y + 3u
6
y + 2u
7
y + u
8
y, 0, 0, 0, 0, 0
)
,
23
R27 = diag
(
0, 0, 2u1y + 3u
2
y + 4u
3
y + 6u
4
y + 5u
5
y + 4u
6
y + 2u
7
y + u
8
y, 0, 0, 0, 0, 0
)
,
R28 = diag
(
0, 0, 2u1y + 3u
2
y + 4u
3
y + 6u
4
y + 5u
5
y + 4u
6
y + 3u
7
y + u
8
y, 0, 0, 0, 0, 0
)
,
R29 = diag
(
0, 0, 2u1y + 3u
2
y + 4u
3
y + 6u
4
y + 5u
5
y + 4u
6
y + 3u
7
y + 2u
8
y, 0, 0, 0, 0, 0
)
.
The matries Zm, m = 1, 2, . . . , 30, are given by Z1 = U,
Z2 =


0 0 0 0 0 0 0 0
−eu
3
0 eu
1
0 0 0 0 0
0 −eu
4
0 eu
2
0 0 0 0
0 0 −eu
4
eu
3
0 0 0 0
0 0 0 −eu
5
eu
4
0 0 0
0 0 0 0 −eu
6
eu
5
0 0
0 0 0 0 0 −eu
7
eu
6
0
0 0 0 0 0 0 −eu
8
eu
7


,
Z3 =


0 0 0 0 0 0 0 0
0 0 2eu
3
2eu
2
0 0 0 0
0 −eu
4
0 eu
1
0 0 0 0
0 0 −eu
5
0 eu
2
0 0 0
0 0 0 −eu
5
eu
3
0 0 0
0 0 0 0 −eu
6
eu
4
0 0
0 0 0 0 0 −eu
7
eu
5
0
0 0 0 0 0 0 −eu
8
eu
6


,
Z4 =


0 0 0 0 0 0 0 0
0 3
2
eu
1
3eu
2
0 0 0 0 0
0 −eu
5
0 2eu
3
2eu
2
0 0 0
0 0 −eu
5
0 eu
1
0 0 0
0 0 0 −eu
6
0 eu
2
0 0
0 0 0 0 −eu
6
eu
3
0 0
0 0 0 0 0 −eu
7
eu
4
0
0 0 0 0 0 0 −eu
8
eu
5


,
Z5 =


0 0 0 0 0 0 0 0
0 0 eu
4
0 0 0 0 0
0 −eu
5 3
2
eu
1
3eu
2
0 0 0 0
0 0 −eu
6
0 2eu
3
2eu
2
0 0
0 0 0 −eu
6
0 eu
1
0 0
0 0 0 0 −eu
7
0 eu
2
0
0 0 0 0 0 −eu
7
eu
3
0
0 0 0 0 0 0 −eu
8
eu
4


,
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Z6 =


0 0 0 0 0 0 0 0
0 5
2
eu
1 5
3
eu
4
0 0 0 0 0
0 −eu
6
0 eu
4
0 0 0 0
0 0 −eu
6 3
2
eu
1
3eu
2
0 0 0
0 0 0 −eu
7
0 2eu
3
2eu
2
0
0 0 0 0 −eu
7
0 eu
1
0
0 0 0 0 0 −eu
8
0 eu
2
0 0 0 0 0 0 −eu
8
eu
3


,
Z7 =


0 0 0 0 0 0 0 0
0 eu
3
0 0 0 0 0 0
0 0 eu
5
0 0 0 0 0
0 −eu
6 5
2
eu
1 5
3
eu
4
0 0 0 0
0 0 −eu
7
0 eu
4
0 0 0
0 0 0 −eu
7 3
2
eu
1
3eu
2
0 0
0 0 0 0 −eu
8
0 2eu
3
2eu
2
0 0 0 0 0 −eu
8
0 eu
1


,
Z8 =


0 0 0 0 0 0 0 0
0 0 7
2
eu
1 7
5
eu
5
0 0 0 0
0 −eu
6
0 eu
3
0 0 0 0
0 0 −eu
7
0 eu
5
0 0 0
0 0 0 −eu
7 5
2
eu
1 5
3
eu
4
0 0
0 0 0 0 −eu
8
0 eu
4
0
0 0 0 0 0 −eu
8 3
2
eu
1
3eu
2
0 0 0 0 0 0 0 0


,
Z9 =


0 0 0 0 0 0 0 0
0 0 0 eu
6
0 0 0 0
0 −eu
7
0 7
2
eu
1 7
5
eu
5
0 0 0
0 0 −eu
7
0 eu
3
0 0 0
0 0 0 −eu
8
0 eu
5
0 0
0 0 0 0 −eu
8 5
2
eu
1 5
3
eu
4
0
0 eu
3 7
5
eu
5
0 0 0 0 0
0 0 0 0 0 0 0 0


,
Z10 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 eu
4
0
0 −eu
8
0 0 eu
6
0 0 0
0 0 −eu
8
0 7
2
eu
1 7
5
eu
5
0 0
0 0 0 −eu
8
0 eu
3
0 0
0 0 −eu
3
−7
5
eu
5
0 0 eu
7
0
0 7
2
eu
1
eu
6
0 0 0 0 0
0 0 0 0 0 0 0 0


,
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Z11 =


0 0 0 0 0 0 0 0
0 eu
2
0 0 0 0 0 0
0 eu
7
0 0 0 eu
4
0 0
0 0 −eu
7
0 0 0 0 0
0 0 0 5
7
eu
3
eu
5 5
7
eu
8
0 0
0 0 −7
2
eu
1
−eu
6
0 0 eu
8
0
0 0 0 0 0 −eu
6
eu
3
0
0 0 0 0 0 0 0 0


,
Z12 =


0 0 0 0 0 0 0 0
0 eu
7
eu
2
0 0 0 0 0
0 0 eu
6
0 0 0 −eu
4
0
0 0 0 eu
1
0 2
7
eu
7
0 0
0 0 eu
8
0 7
5
eu
4
0 0 0
0 0 0 0 −7
5
eu
6
eu
3
eu
8
0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
Z13 =


0 0 0 0 0 0 0 0
0 eu
6
eu
2
0 0 0 0 0
0 0 eu
5
0 0 0 0 0
0 0 0 eu
3
0 2
7
eu
7
0 0
0 eu
8
0 0 eu
2
0 0 0
0 0 −eu
8
0 −eu
6
eu
4
0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
Z14 =


0 0 0 0 0 0 0 0
0 eu
5
eu
2
0 0 0 0 0
0 0 eu
8
0 0 −eu
5
0 0
0 0 0 eu
4
0 2
7
eu
7
0 0
0 eu
8
0 0 eu
6
−eu
2
0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
Z15 =


0 0 0 0 0 0 0 0
0 eu
4
0 0 0 0 0 0
0 eu
8
eu
2
0 eu
5
0 0 0
0 0 −2
7
eu
7
eu
5
0 0 0 0
0 0 0 −eu
2 2
7
eu
7
0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
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Z16 =


0 0 0 0 0 0 0 0
0 eu
3
0 0 0 0 0 0
0 eu
8
eu
4
0 0 0 0 0
0 0 0 eu
6
0 0 0 0
0 0 2
7
eu
7
−eu
2
eu
5
0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
Z17 =


0 0 0 0 0 0 0 0
0 eu
1
0 0 0 0 0 0
0 eu
8
eu
3
0 0 0 0 0
0 0 0 −eu
2
eu
6
0 0 0
0 0 2
7
eu
7
0 eu
4
0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
Z18 =


0 0 0 0 0 0 0 0
0 eu
8
eu
1
0 0 0 0 0
0 0 eu
7
0 7
2
eu
3
0 0 0
0 0 0 eu
4
eu
6
0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
Z19 =


0 0 0 0 0 0 0 0
0 eu
7
eu
1
0 0 0 0 0
0 0 eu
6 7
2
eu
3
0 0 0 0
0 0 0 eu
5
0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
Z20 =


0 0 0 0 0 0 0 0
0 eu
6
eu
1
0 0 0 0 0
0 0 eu
5 7
2
eu
3
0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
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Z21 =


0 0 0 0 0 0 0 0
0 eu
5
eu
1
0 0 0 0 0
0 0 eu
4
0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
Z22 =


0 0 0 0 0 0 0 0
0 eu
4
eu
1
0 0 0 0 0
0 0 eu
2
0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
Z23 =


0 0 0 0 0 0 0 0
0 eu
3
0 0 0 0 0 0
0 eu
2
eu
1
0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
Z24 =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 eu
2
eu
3
0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
Zm =


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 eu
m−21
0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,
m = 25, 26, 27, 28, 29, Z30 = 0.
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The nonzero elements of the matries Dm = (dij)
8
i,j=1
, m = 2, 3, . . . , 30, are determined by the
formulas
d321 = −e
u3 ; d968 = −e
u4 ; d978 = 3e
u2 − 3
2
eu
1
; d1337 = −e
u4 ; d1367 = e
u8;
d1536 = −e
u5 ; d1546 =
2
7
eu
7
; d1556 = −e
u2 ; d1935 =
7
2
eu
3
, d1945 = e
u6 ;
d2134 =
7
2
eu
3
; d2532 = e
u2.
The matries Gm, m = 2, 3, . . . , 30, are given by
G2 = J8; Gm =
(
1 0
0 J7
)
, m = 3, 4, . . . , 8;
Gm =

 1 0 00 J6 0
0 0 1


for m = 9, 10, 11; Gm = E8, m ≥ 12.
The matries Bm, m = 1, 2, . . . , 29 of size 8, are defined as
 the first olumn of the matries Bm, m ≤ 7 onsist of arbitrary elements,
 for m = 8, 9, 10 and 11 in additional to the first olumn, the last olumn Bm is also arbitrary,
 the first, seventh and eight olumns of the matries Bm, m = 12, 13 onsist of arbitrary elements,
 the first, sixth, seventh and eight olumns of the matries Bm, m = 14, 15, 16, 17 onsist of
arbitrary elements,
 the first, firth, sixth, seventh and eight olumns of the matriesBm, m = 18, 19 onsist of arbitrary
elements,
 the first, fourth, firth, sixth, seventh and eight olumns of the matries Bm, m = 20, 21, 22, 23
onsist of arbitrary elements,
 for m ≥ 24 in additional to the first, fourth, firth, sixth, seventh and eight olumns, the seond
olumn Bm is also arbitrary,
with the other element equal to zero.
We note that the values of the index m at whih the rank of the generalized invariants Xm drops
oinide with the exponents


1, 4, 5, 7, 8, 11
1, 5, 7, 9, 10, 13, 17
1, 7, 11, 13, 17, 19, 23, 29
systems (21) for


α = 6
α = 7
α = 8
,
orresponding, and the number


r = 12
r = 18
r = 30
, for whih Xm = 0 is equal to the Coxeter number [4℄.
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